Abstract
entwinement suggests the linear independence of D as a subset of the vector space R AE .
Theorem 1 If M ⊆ D is a finite set of slopes such that
a∈M λ a d a = 0, then λ a = 0 for all coefficients λ a ∈ R, a ∈ M.
Before we carry out the proof, we need some accessory notions and assertions. The primary one concerns the families {1 a | a ∈ A} of p a -periodic {0, 1}-sequences, derived from certain families {C a = s a + p a N | a ∈ A}, s a , p a ∈ N, p a > 1, of arithmetic sets, by 1 a (n) = 1 iff s A + n ∈ C a for s A = max{s a | a ∈ A}. The number p a is the period of 1 a , that is, the least one such that 1 a (n) = 1 a (n + p a ) for every n ∈ N. Proof. Suppose the contrary. Since for the least common multiple p = lcm{p a | a ∈ A} every 1 a satisfies 1 a (n + p) = 1 a (n), it holds that
Let p c = max{p a | a ∈ A} for (the unique) c ∈ A, and let z = e 2iπ/pc ∈ C (where i = √ −1 is used only in this proof) be the p c -th primitive complex root of unity. Multiplying for every n ∈ [0, p − 1] the n-th sum a∈A μ a 1 a (n) by z n and summing the results, we get
However the left-hand side of this equality is also equal to
where
This statement is quite possibly known, but we know of no reference to it in the literature (or even to one of its consequences, saying that the additive group Z cannot be partitioned into finitely many cosets s a + p a Z of distinct p a ).
For our proof of Theorem 1, we have to describe how to derive a finite family of periodic {0, 1}-sequences of distinct periods from a finite family of D-sequences indexed by a finite set M of slopes.
For every a ∈ M and A ⊆ M, the positive natural numbers j ∈ N \ {0} satisfying d a (j) > d a (j−1) form the set J a of a-jumps and the set
Some jump properties (dealed with later) are valid only for sets
Some analogous notions are needed also for arithmetic sets
In order to deal effectively with the a-jumps of J a,ia , i a ∈ J a , a ∈ M, we do not need their exact values (which may be rather difficult to determine) but only some approximate ones. For this purpose we introduce a kind of convenient approximation intervals, each defined for a slope a ∈ D and an initial center i ∈ N by
These intervals form a geometric sequence I a,i with the quotient a 2 . The bounds of I a,i (n) are both of the same distance a 2n /(a − 1) from the center ia 2n of this n-th interval. Let us write more simply [i ±
Statement 2
The a-jumps i n = J a,ia (n), n ∈ N, satisfy i n ∈ I a,ia (n). For a sufficiently large i a the sequence I a,ia is disjoint and thus covers the a-jumps of J a,ia in a one-to-one fashion, so that i n ∈ I a,ia (m) iff m = n.
Proof. For every
It follows that i n ∈ L n , where L n for n ∈ N are the intervals defined by
Then it holds
By induction we get
, and then it clearly covers the a-jumps of J a,ia in a one-to-one fashion. 2 Three useful binary relations E, S, and R on M are now defined by
• aSb iff aEb and the set J a ∩ J b is infinite,
• R is the equivalence on M generated by S.
The relations E, R are equivalences, the relation S is only reflexive and symmetric. The equivalence R satisfies R ⊆ E and decomposes M into Rclasses A ∈ M/R.
An M-spectrum S will be called rational if aEb for every a, b ∈ S, and non-rational otherwise. 
)] contains at most s jumps of non-rational M-spectra, and thus a subinterval [J
M,j M (m k ), J M,j M (m k + r − 1
)] of size r and of all its M-jumps of rational M-spectra. 2

Statement 4 To every A ∈ M/R may be associated a family of arithmetic sets {C
Proof. For a given A ∈ M/R it is possible to find a slope e ∈ D, e < min(M), such that for every a ∈ A we have a = e pa for p a ∈ N, p a ≥ 2, and p a = p b if a = b. Indeed, all slopes a ∈ A are E-equivalent to c = min(A), whence a = c ua = (c 1/q ) qua for some u a ∈ Q and q ∈ N for which qu a ∈ N and c 1/q < min(M). It remains to put e = c 1/q and p a = qu a for all a ∈ A. Before going further we need to define for jump approximation intervals that one is top-covered by another one, written [ 
t, u] ≺ [v, w], if v < t and u < w.
Let i M ∈ J M be so large that for every i ∈ J M,i M the M-spectrum J M (i) is essential and the sequences I e,i and I a,i for every a ∈ M are disjoint.
The family {C a = s a + p a N | a ∈ A} that we are now going to determine by induction will for every n ∈ N satisfy 
We start with c = min(A). By choosing a c-jump i
This choice of i a ensures that
for s a = s b + p b m b and for every n ∈ N. It is C a = s a + p a N that we associate to the slope a. Repeated finitely many times, this specific choice of a-jumps i a will provide all required C a , a ∈ A.
For i A = max a∈A i a , the A-jumps of J A,i A are all covered by intervals of I e,i , and, in a given interval I e,i (m) there is for every a ∈ A at most one a-jump. Consequently, every m ∈ C A = ∪ a∈A C a such that m ≥ s A = max a∈A s a has for its A-spectrum a union of pairwise disjoint A-spectra,
of all pairwise distinct A-jumps j 1 , . . . , j t ∈ I e,i (m).
It remains to prove that every such A-spectrum C(m) is a union of pairwise disjoint M-spectra of M-jumps. This task is reduced to only a finite number of such A-spectra, because of the periodicity C(m) = C(m + p) for p = lcm{p a | a ∈ A} and every m ≥ s A .
Let us partition the interval (i, ∞) into subintervals (ie 2n , ie 
Proof of Theorem 1.
Suppose the contrary, that is, that for some finite M ⊆ D we have a set {λ a | a ∈ M} such that λ a = 0 for all a ∈ M and a∈M λ a d a (i) = 0 for all i ∈ N.
The first thing we derive from this is that for every essential M-spectrum S of an M-jump it holds a∈S μ a = 0, where Let now {C a = s a + p a N | a ∈ A} for some A ∈ M/R be a family of arithmetic sets from Statement 4. Then for s A = max a∈A s a we get a family {1 a | a ∈ A} of p a -periodic {0, 1}-sequences of distinct periods p a ∈ N, p a > 1, defined by 1 a (n) = 1 iff s A + n ∈ C a .
Let C A (m) = S for m ∈ C A , m ≥ s A . Since S is a union of pair-wise disjoint M-spectra of M-jumps, we also have a∈S μ a = 0, and so a∈A μ a 1 a (m) = 0. But this means that a∈A μ a 1 a (n) = 0 for all n ∈ N, contrary to Statement 1. The proof is terminated by this absurdity. 2 Let us remark that a different way to prove Theorem 1 would be to demonstrate that for every finite set M ⊆ D there is an M-jump of a singleton M-spectrum. However, the use of ia in the recurrence definition of d a ∈ D would make this rather difficult.
